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ABSTRACT 
We prove the following double-inequality for the beta function B(x, y) = J,’ tX- 1 (1 - t)Y-‘dt: 
For all real numbers x 2 1 and y 2 1 we have 
(*) 
with the best possible bounds 
CI = 0 and fl= 0.08731... 
Our theorem improves a recently published result of Dragomir et al., who established (*) with 
cr=Oandp= l/4. 
1. INTRODUCTION 
The beta function, or Euler’s integral of the first kind, is defined by 
B(x,y) = J! P-1(1 - t)Y% (x,JJ > 0). 
0 
A close connection between B(x, y) and Euler’s integral of the second kind, the 
classical gamma function 
F(x) = 7 e-‘tx-‘dt (x > 0), 
0 
is given by the identity 
1.5 
(1.1) 7 qx y) = We 
T(x tr Y) (X,Y > 0). 
Further properties of the beta function as well as interesting historical remarks 
can be found, for instance, in the monographs [2, chapter 21, [3, chapter 11, [4, 
chapter 41, and in the article [9], where a characterization of the beta function 
via a functional equation is given. The beta function plays an important role in 
the theory of special functions, and also in other branches. B.C. Carlson [4] 
pointed out that B(x, y) has applications in the theory of high-energy particle 
physics, and G.E. Andrews et al. [3] indicated a relationship between the beta 
function and probability theory. 
In a recently published paper, S.S. Dragomir et al. [5] applied several integral 
inequalities to obtain interesting new inequalities for the beta and gamma 
functions. One of their result states: 
For all real numbers x 2 1 and y 2 1 we have 
(1.2) 0 < $ - B(x, y) < 0.25. 
The authors showed that the left-hand side of (1.2) is a consequence of the well- 
known Tchebyschef integral inequality and that the right-hand side follows 
from an integral inequality due to G. Grtiss. 
It is natural to look for refinements of (1.2). More precisely, we ask whether 
the given upper and lower bounds for the difference I/(xy) - B(x, y) can be 
improved: what is the largest number cx and what is the smallest number p such 
that the double-inequality 
holds for all x, y > l? It is the aim of this note to answer this question. 
We remark that inequalities for the beta function and the incomplete beta 
function, BP(x, y) = J{ tX- ‘(1 - t)y-‘dt, can be found in [6], [7], [8, pp. 288, 
2891, WI, VU. 
2. MAIN RESULT 
Our main result is the following refinement of (1.2). 
Theorem. For aN real numbers x 2 1 and y 2 1 we have 
(2.1) ~~-$-B(~,Y)~O, 
with the best possible bounds 
(Y = 0 and /3 = 0.08731.... 
Proof. First, we offer a short and simple proof for the left-hand side of (2.1) 
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with (Y = 0, which is different from the one given in [5]. Our proof is based upon 
the well-known fact that the logarithmic derivative of the gamma function, 
P = r’/r, is strictly increasing on (0, KI). We may assume that x 2 Y 2 1. Let 
f(X,Y) = $ - WY)> 
and let L(a, b) = (a - b)/(loga - logb) be the logarithmic mean of a = 
r(x + Y) and b = r(x + l)r(Y + 1). Using (1.1) we obtain 
xy;;;h;Y)f(x,y) = logF(x+y) - logF(x+ 1) - logr(Y+ 1) 
7 
= dx, y), say. 
Partial differentiation gives 
~=@(x+Y)-Iv(x+l) LO. 
This leads to 
.+,Y) 2 g(Y,Y) = logr(2Y) - 2logF(y + 1). 
Further, 
1 &(Y, Y) 
------==9(2Y)--9(y+l) 20, 
2 dY 
which implies 
g(Y,Y) L go, 1) = 0. 
Hence, we have 
O+G,Y) (x,y> I>, 
with equality holding if and only if x = 1 or y = 1. 
Now, we establish the right-hand side of (2.1) with @ = 0.0873 1.. . . We define 
F(a, b) = ab - B(l/a, I/b). 
Since 0 < B( l/a, l/b) I ub for 0 < a, b L 1, we conclude that F is continuous 
on S = [0, l] x [0, 1). Moreover, F is positive on the interior of S and vanishes 
on the boundary of S. This implies that there exist numbers c, d E (0,l) such 
that 
F(u, b) 5 F(c, d) for all a and b with 0 5 a, b 5 1. 
Hence, we obtain 
@‘(a, b) Wu, b) =- 
dU a=c, b=d db o=c, b=d 
= 0, 
which leads to 
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(2.2) 
cdT(l/c + l/d) 1 
r(llW(lld) 
=,$+f) -*@] +(;+;) -*@I. 
In order to prove that (2.2) implies c = d, we define for x, y > 0: 
Nx, y) = (x - y)@(x + y) - x*(x) + y@(y). 
Using the integral representations 
P(z) = -y+ 7 ‘,‘_,‘izt dt (z > 0, y = Euler’s constant) 
0 
and 
G’(z) = 7 eCZt &dt (z > 01, 
0 
(see [l, pp. 259,260]), we get 
(2.3) 
y = !P(x + y) + (x - y)!P’(x + y) - 9(x) - x!qx) 
= g e-xtwdt, 
where 
u(x,y; t) = 1 - xt - eCyf + (x - y)te-Y’. 
Since 
wx, Y; 4 
8X 
=t(eP-l)<O (y,t>O), 
we obtain for x > y > 0 and t > 0: 
24(x, y; t) < u(y, y; t) = 1 - yt - eeyt < 0. 
From (2.3) we conclude that x H h(x, y) is strictly decreasing on [y, oc), which 
implies 
(2.4) h(x,y)<h(y,y)=O for x>y>O. 
Moreover, since h(x, y) = -h( y, x), we get 
(2.5) h(x,y) > 0 for y > x > 0. 
From (2.2) we obtain h( 1 /c, l/d) = 0, so that (2.4) and (2.5) yield c = d. Hence, 
it remains to show that 
max F(a,a) = m$l/x’ - (r(~))~/r(2x)) = 0.08731.... 
O<a<l _ 
Let 
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and 6 = 0.08732. We shall prove that 
(2.6) A(x) < 6 for x > 1, 
so that (2.6) and A(2.31696) = 0.08731... imply 
yyA(x) = 0.08731.... 
_ 
In order to prove (2.6) we consider two cases. 
Case 1. x 2 l/d = 3.38.... 
Then we get 
+o< (rw2 
r(2x) . 
Case2.1 Ix< l/G. 
Let 
?J(x) = 2logT(x + 1) - logT(2x) - log(1 - 6x2). 
A short calculation reveals that A(x) < 6 is equivalent to U(X) > 0. Differ- 
entiation gives 
;V”(x) = !P’(x + 1) - 2!V(2x) + & + 
2s2x2 
(1 - 6x2)2 ’
(2.7) @(x) = @‘(x + 1) - 49”(2x) + 
6b2x 8b3x3 
(1 - 6x2)2 + (1 - sx2)3. 
Applying the series representation 
S”(Z) = -2 E 1 
k=O (Z+k)3 (z > O), 
(see [l, p. 260]), we obtain 
(2.8) !P”(x + 1) - 4!P”(2x) = 2 E P(X) + G(X) 
k=o [(2x + k)(x + 1 + k)13 ’ 
where 
(2.9) p(x) = 4(-x3 + 3x2 + 3x + 1) 
and 
(2.10) qk(x) = 3(k3 +2(2+x)k2 +4(1 +2x)k). 
We have p”(x) = 24(1 - x) 5 0, p(l) = 24, and p(l/fi) = 27.01..., which im- 
plies that p is positive on [l, l/a]. F rom (2.7)-(2.10) we conclude that 
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v”‘(x) > 0 for x E [1, l/a). Hence, V” is strictly increasing on [l, l/d). We 
have 
v”(1.786271) < 0 < ~“(1.786273). 
This implies that 21” is negative on [I, xi) and positive on (xi, l/d), where 
xi = 1.78627.... Since 
0 < w’( 1.235740), ~‘(1.235742) < 0, ~‘(2.316960) < 0 < ~‘(2.316966) 
we obtain that w’ is positive on [l , xg) u (x2,1/&) and negative on (x0, x2), 
where x0 = 1.23574... and x2 = 2.31696... are the only zeros of u’on [l, l/d). 
We distinguish two cases. 
Case 2.1. x E [1,x0]. 
Since 21 is increasing on [ 1, x0], we conclude from w( 1) = - log( 1 - 6) > 0 
that 21 is positive on [ 1, x0]. 
Case 2.2. x E [x0,1/&). 
21 is strictly decreasing on [x0,x2] and strictly increasing on [x2,1/&). 
Hence, we get 
(2.11) V(X) 2 21(x2) for x E [x0,1/&). 
Let yo = 2.3 1695 and yi = 2.3 1697. Then we have yo < x2 < yi. Using the strict 
convexity of w on [xi, l/d) and v’(y0) < 0, we obtain 
(2.12) 4x2) > 4YO) + (x2 -.Yo)qVo) 2 4Vo) + (Yl -Yo)4Yo) = 0.0000014.... 
From (2.11) and (2.12) we conclude that w(x) > 0 for x E [x0, l/d). Thus, w is 
positive on [l, l/d), so that (2.6) holds for all x 2 1. This completes the proof 
of the Theorem. 0 
Remark. The double-inequality (2.1) (with o = 0 and ,D = 0.08731...) is not 
valid for all positive real numbers x and y. It was proved in [5] that 
OS-& B(x,y) for x,y E (O,ll. 
But there does not exist an upper bound for l/(xy) - B(x, y), if x,y E (0, 11. 
Otherwise, 
o<$-B(X,Y)W (O<x,ySl) 
implies 
O< l_~(x+w(Y+l)Ixy~ 
qx + Y) 
IfxtendstoO,thenwegetOI 1-~50. 
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